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Introduction

G IVEN a pair of coplanar elliptical orbits about a center
of gravitational attraction, on the assumption that a

rocket vehicle is to be transferred from one to the other using
two impulsive thrusts, equations governing the transfer orbit
corresponding to minimum propellant expenditure have been
found1'2 and possible solutions discussed.3 The analysis as-
sumed that the transfer time was not prescribed, i.e., the time-
open case. The time-closed problem has been studied by a
number of researchers,4'7 but the amendments that need to be
made to the optimizing equations in this case have not been
calculated. The required additional terms are derived in this
Note.

The statement of the time-open problem does not require the
identification of terminals on the orbits of departure and ar-
rival. For the time-closed problem, however, the prescribed
transit time Tmust be measured between a fixed terminal A on
the departure orbit and another fixed terminal B on the arrival
orbit. We shall assume that, for minimum propellant expendi-
ture, the rocket coasts for a time t\ from A along the departure
orbit to a junction point J at which the first impulsive thrust
is applied, that it then coasts for a time r along the transfer
orbit to a junction point K on the arrival orbit, at which a
second impulsive thrust is given, and that it then finally coasts
for a time t2 to B along the arrival orbit. Thus, the closed-time
constraint is

t, + r + t2 = T (1)

We shall, however, permit the rocket to leave the departure
orbit prior to its arrival at A and to enter the arrival orbit at
a point subsequent to B, provided the synchrony of its final
motion with that prescribed is still guaranteed. Mathemati-
cally, this relaxation permits t\ and t2 to take negative values
in the constraint (1).

Preliminary Equations
Each elliptical orbit will be specified by the values of its

elements, i.e., /, the semilatus rectum; e, the eccentricity; and
co, the longitude of the periapse measured from any convenient
reference line through the center of attraction O. The position
of a point P on the orbit will be determined by its polar
coordinates (r,0), 6 being measured in the same manner as co.
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Thus, the polar equation of the orbit can be written in the
familiar form

l/r = 1 + e cos(0-co) (2)

Suppose a rocket moving in the latter orbit at the point P
and having acceleration y/r2 toward O is subjected to an im-
pulsive thrust 7 at an angle </> to the forward perpendicular to
OP. Then the elements (7,e,co) of its new orbit must continue
to satisfy Eq. (2). However, it is proved in Ref. 2 that these
new elements will also satisfy the equation

e sin(0 - co) = (l/r -11/2Z) tan < (3)

where 71/2Z sin </> represents the rocket's velocity component
perpendicular to the impulse that is unaffected by the thrust.
Thus, for given values of r, 0, Z, </>, the elements (/,e,w) of all
possible orbits that can be entered by application of an impulse
in the direction 0 must satisfy Eqs. (2) and (3).

If (/,e,w) and (/',e',o/) are two sets of elements satisfying
Eqs. (2) and (3), then it is also proved in Ref. 2 that the velocity
increment required to move the vehicle from the first orbit to
the second is given by

(4)

/ = 0-co is the real anomaly. If E is the eccentric anomaly, a
the semimajor axis, and t the time of transit from the periapse,
the following equations are well known:

e + cos /
1 + e cos / '

cos/ = cos E - e
l-e cos E

t =

(5)

(6)

(7)

Throughout the Note, all orbits are assumed to be described in
the positive sense.

Primer Vector on Keplerian Arcs
The problem of the transfer of a rocket between a pair of

fixed terminals (at which its velocity is known) in a given
gravitational field with a minimum expenditure of propellant
has been solved in Ref. 1 in terms of a primer vector defined
along the trajectory. If we assume the absence of arcs of inter-
mediate thrust (IT arcs), the optimal trajectory is known to
comprise coasting arcs separated by junction points where
impulsive thrusts are applied. For optimality, the magnitude
of the primer must assume a maximum value of unity at all
junctions and, at these points, the primer and thrust vectors
must be aligned. Also, across each junction, the primer and its
first derivative must be continuous.

In the case where the motion is confined to a plane and the
field follows an inverse square law, along an orbit having
elements (/,e,co), the radial and transverse components (A,/*)
of the primer p have been shown to be given by

X = A cos/ + Be sin/ + (l2/e)CI sin/ (8)
585
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IJL= -A sin/ + cos/)
D-A sin/

1+6? COS /

cot/
.+ (1+6? COS/)/i + e cos /

where f = 0 — co, (A,B,C,D) are constants, and

d/7 = sin2/(l+6? cos/)2

(9)

(10)

In general, the values of the constants (A,B,D) change each
time the rocket is transferred to a new Keplerian arc at a
junction. The constant C, however, arises from a first integral
of the optimality equations and keeps the same value over the
whole trajectory. This first integral is exhibited as Eq. (5.39)
in Ref. 1. In the subsequent equation (5.40), a factor (l/y)
has been absorbed into C. This is not permissible, since the
element / changes as we move from one arc to another,
whereas C remains invariant. Further, additional factors 1/6?
and / have been absorbed in Eqs. (5.49) and (5.55-5.56), re-
spectively. Thus, it is necessary to replace C in Eqs. (5.55) and
(5.56) by /2C/6?; these equations then become identical with the
foregoing Eqs. (8) and (9) (the factor l/y can, of course, be
absorbed without error). Subsequent calculations in Ref. 1 are
not invalidated, since only the case C = 0 (the time-open case)
has there been analyzed.

The radial and transverse components (£,77) of the time
derivative/? of the primer are given in Eqs. (5.63) and (5.64)
of Ref. 1. After correction of the constant C and inclusion of
a missing index, these take the form

sin/-£> e sin2/ - cos /
sin/(I +e cos/)2

/2

— C cos /
6?

(11)

(12)

The integral / is most easily evaluated in terms of the eccen-
tric anomaly E. Referring to Eqs. (5), we can show that

/ = d/
sin2/(l + 6> cos/)2

= (l-e2)~5/2 \(l-e cos E)3cosec2E dE

- 2e3sin E - 3e2(E - e sin E)]

2e ,_ rnf f __ '
l-e2 sin/(l+ecos/) J /3/2 (13)

where t is the orbital time from the periapse given by Eq. (7).

Necessary Conditions for Optimality
Suppose that, at the first junction /, the impulsive thrust

transfers the rocket from the orbit (/i,ei,«0 to the orbit
(/,6?,w). Then, if (r\ ,0i) are the polar coordinates of /, Eqs. (2)
and (3) show that we must have

6?1 COS(0i - 0>i) = li$i - 1 , 6? COS(0! - O)) = l$i - 1 (14)

(15)e sin(0i -co) = (ls{ - fa

where Zi , fa are the values of Z, 0 appropriate to the impulse
at /and 5-1 = \/r\.

On both the Keplerian arcs meeting at /, the components
(A,/*) of the primer must take values (sin0 l5 cos 00 at the
junction. Referring to Eqs. (8) and (9), we see that these con-
ditions require that

I cos/ + B\e\ sin/ + — CI\ sin/ =A cos/
e\

I2
+ Be sin / + — CI sin / = sin fae

-AI sin/ + #i(l+eicos/0 +

(16)

1 + ei cos /

+ ~ i
cot/

[+6?iCOS/i

= -A sin / + B(\ + e cos /) +

cot/

D-A sin/

[ + e cos /

1 + 6? cos /

+ ( l+6> COS/)/ = COS 0i (17)

where / = 61 - coi, / = 0\ - co, and / is given by Eq. (13) (/i is
obtained from / by replacing e, /, /, t by 6>i, /1? / l 5 t\).

We derive two further equations from the requirement that
p should be continuous across J. Referring to Eqs. (11) and
(12), we express this condition by the equations

(7/0 (Alsmfl-Dl

l+6?i COS /i

/2 I" gi sin2/-cos/
e2 [sin/i(l+eicos/i)2

V(T/) ^ | >1 sin/-Z> -B1 + e cos /

— r\ e ^2f ~cos f
e2 Lsin/(l+ecos/)2 (18)

V(T/J [
-irM (19)

The six equations (16-19) can now be solved to determine
the six parameters A, B, D, A\, B\, D\. This is a straight-
forward, but laborious, process and leads to results that may
be expressed [using Eqs. (14) and (15)] in the form

eA/ll/2 = (Zi-

eB =

+ C/(slZl)

sin/sin</>1

12C( cot/
e

(20)

(21)

+ Z) = -cos </>i( 1 +

/2C ' , ,cot/-

si + 1

/3/25iZisin/
(22)

(replace e, /,/, /with corresponding equations for A\, BI
by 6?i, /i, /, /i, respectively).

The reader wishing to check these formulas is advised to
verify them by direct substitution into Eqs. (16-19). Judicious
use needs to be made of the relationship

e = i - I)2 + (/$! - /1/2Z02tan20! (23)
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which follows from Eqs. (14) and (15). It will then be found
that the right-hand members of Eqs. (18) and (19) yield the
values of the components (£,77) of p at the junction in the form

(24)

(25)- ( C - s f s i n f a )

We note immediately that

2 dt (/?2) =/7 '^ = X^ + M =

showing that the magnitude of the primer is stationary at the
junction. It was proved in Ref. 1 (p. 64) that this is a conse-
quence of the constancy of C over the whole trajectory.

More precisely, it is necessary that p be a maximum at the
junction. A necessary condition for this to be so is

-—,(P2)=P'P+P2^0 (27)

To apply this condition, we need the components of p at the
junction. Referring to Ref. 1 (p. 81), we find that the radial
and transverse components of p at any point on a Keplerian
arc are 7r~3(2X, - /*). It follows that condition (27) requires
that

(y/r?)(2 sin2 fa - cos2^) + £2 + r;2 < 0

which reduces to

\Zi\'.
| Of -sin c

(28)

(29)

One consequence of this condition is clearly that [sin^l
< 1/VJ, a well-known condition. For the problem of time-
open optimal transfer, we have C = 0 and the condition (29)
reduces to

(30)

This is a new condition that needs to be satisfied at all junc-
tions on an optimal trajectory. Since Wi = yl/2 \Zisin fa \ repre-
sents the magnitude of the velocity component of the rocket
that is unaffected by the impulse and Vc = Vfy/rO is the circu-
lar velocity at the junction, the condition (29) can be expressed
in the form

/nV(l-3sm2</)1)
This condition must be satisfied at both junctions.

Finally, we can now write down the primary conditions to be
satisfied by an optimal two-impulse transfer by requiring that
the values of A, B, D, derived at the junction J, are the same
as those derived at the junction K.

It will be convenient first to specify three expressions involv-
ing parameters that are defined at both junctions. Thus,

M =

L = (Z -s/Z)sin c/> - ea/(l2sZ)

- <£) +

cottf 1

cos \// cos 0

2e

(32)

(33)

TV = cos </>

(34)

where ^ = 0-w, a= -l2C/e. Then, (Ll9Mi9Ni) will denote
the same quantities when (s,0,Z,<£) are replaced by (si,0i,

Zi ,</>! j. (L2, M2,N2) are defined at the other junction similarly
[note that the elements (/,e,o>) have the same values at both
junctions]. The necessary conditions for optimality can then
be written in the form

Ml=M2- /3/2(l-e2)'
__

1= 2 +

(35)

where r denotes the time in the transfer orbit JK.
Further applicable equations are the counterparts of Eqs.

(14) and (15) for the junction K, viz.,

^2COS(02 — C02) = /252 — 1,

e2sin(02 — 0)2) =

ecos(02-w) = /52- 1 (36)

-/2
1/2Z2)tan02

e sin(02 - «) = (Is2 - /1/2Z2)tan fa (37)

Finally, there is the constraint on the total time of transfer
between the terminals, viz., Eq. (1). t\, t2, and T are calculable
from Kepler's equation (7).

Equations (14), (15), (35-37) and the constraint (1) now
provide 12 conditions determining the 12 unknowns Si, Q\, Z\,
(t>\,s2,02,Z2,fa,l,e,u,a. Having calculated these quantities,
we see that the parameters at each junction must further satisfy
the inequality (29) if the characteristic velocity for the maneu-
ver [as determined by Eq. (4)] is to be a local minimum.

Transfers Using More Than Two Impulses
It can happen that no solution to our equations can be found

to satisfy the inequality (29) at both junctions / and K. In
such circumstances, a two-impulse maneuver cannot be even
locally optimal and transfers using three or more impulses
need consideration.

If we suppose there to be three junction points J,K,L, then
the necessary conditions (35) will apply to the junctions / and
K, and a similar triad of conditions can be written down in
respect to the junctions K and L (/,e,co now refer to the Kep-
lerian arc KL). The elements of the arc KL constitute three
additional unknowns, but the three additional equations just
mentioned are now available for their determination. How-
ever, a numerical search for solutions would be difficult and it
would probably be preferable to improve the two-impulse so-
lution by the iterative procedure of Lion and Handelsman,7 as
has been done for the case when the terminal orbits are both
circular by Trussing and Chiu.6

Conclusion
Previously published necessary conditions governing the op-

timal transfer between a pair of coplanar elliptical orbits using
two impulses have been extended to the case when the time of
transfer is prescribed. A new inequality condition to be satis-
fied at all junctions has also been found.
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